Purpose -Inspired by the basic idea of gradient boosting, this study aims to design a novel multivariate regression ensemble algorithm RegBoost by using multivariate linear regression as a weak predictor.
Introduction
With the popularity of big data and cloud computing, more and more people are aware of the potential value of data. Machine learning, an important branch of artificial intelligence, which can learn from historical data and predict unknown data, has attracted a number of researchers' attention in recent years. There are many branches of machine learning. Here, we only discuss supervised learning algorithms.
Gradient boosting is a common machine learning technique for regression and classification problems, which produces a final prediction model in the form of an ensemble of weak predictors. The idea of gradient boosting originated in the observation by Breiman (1997) and later developed by Jerome H. Friedman (2001 Friedman ( , 2002 . Gradient boosting optimizes a cost function over function space by iteratively choosing a function that points in the negative gradient direction. A common weak predictor for gradient boosting is the decision tree. Gradient boosted decision tree (GBDT) is widely used in Kaggle competitions and works incredibly well for many real-world problems. There are quite a lot of efficient and effective implementations such as XGBoost (Chen and Guestrin, 2016) , LightGBM (Ke et al., 2017) and CatBoost (Dorogush et al., 2017) . GBDT iteratively constructs an ensemble of weak decision tree learners through boosting. The final prediction result of GBDT is obtained by adding the prediction results of all the trees.
The combination of gradient boosting and decision tree has been a great success. We are wondering whether it is feasible to use other algorithms as weak predictors. This paper considers the basic regression problem, which is to predict Y value given some relevant factors. Assuming we have a mass of historical data, the simplest regression model we can build linear regression. As we know, the final model of the gradient boosting technique is equal to the sum of all weak predictors. However, if we add multiple linear regression predictors directly, we will end up with a linear regression model. The algorithm proposed in this paper, RegBoost, divides the training data into two branches according to the prediction results using the current weak predictor. The linear regression modeling is recursively executed in two branches. In the test phase, test data is distributed to a specific branch to continue with the next weak predictor. The final result is the sum of all weak predictors across the entire path. Considering that the data may contain some features that are either redundant or irrelevant and can thus be removed without incurring much loss of information. RegBoost uses stepwise regression (Hocking, 1976) to select the most important factors when constructing each weak predictor. Our main contributions are:
Inspired by the idea of gradient boosting, we design a novel regression algorithm RegBoost; We use stepwise regression to select features, which makes the algorithm more efficient and accurate; and We verify the effectiveness of our algorithm via comparative experiments on three public UCI data sets.
The rest of the paper is organized as follows: some related works are discussed in Section 2; then, Section 3 explains the main idea of our proposed algorithm RegBoost, and uses the pseudo code to formally describe the training and testing phases; Section 4 introduces comparative experiment on the public data set; and finally, we conclude the paper in Section 5.
Related work
In this section, we will discuss gradient boosted algorithms and stepwise regression. They are helpful for us to better understand our algorithm RegBoost.
Gradient boosted algorithms
Compared to the traditional machine learning algorithms, the principal difference of the boosting methods is that optimization is undertaken in the function space. Gradient boosting optimizes a cost function over function space by iteratively choosing a function that points in the negative gradient direction. As described in Friedman (2002) , given training samples (x, y) of known values, our goal is to find a function F*(x) that maps x to y, so that the target loss function is minimized.
Stage-wise additive expansions of the weak predictor are used to search for optimal models. Boosting approximates F*(x) by an "additive" expansion of the form.
where h (weak predictor) is usually a function of x with parameter a. When constructing a weak predictor, the expansion coefficient b and the parameter can be calculated according to the following equation (3):
We can adopt specific loss criteria for optimizing application objectives. Popular loss criteria are least-squares, least-absolute-deviation, Huber and logistic binomial log-likelihood. Our algorithm uses least-squares as loss function. Gradient boosting is a strategy of combining weak predictors into a strong predictor. The algorithm designer can select the base learner according to specific applications. Many researchers have tried to combine gradient boosting with common machine learning algorithms to solve their problems. There is a great deal of gradient boosted algorithms in the literature , used MCNN as the base learner to estimate the density map of objects from single image with unknown perspective map (Hu et al., 2006) , applied gradient boosting to HMMs based on the H-criterion (Bin et al., 2006) , designed the continuous estimation of distribution algorithm based on boosting estimation of Gaussian mixture model (Zhang et al., 2016) , proposed a gradient boosting random convolutional network framework for scene classification. In Dubossarsky et al. (2016) , a new machine learning tool named wavelet-based gradient boosting was proposed and tested (Kenji and Kurita, 2005) . Explored boosting soft-margin SVM with feature selection for pedestrian detection. Lots of researchers have proved the effectiveness of gradient boosting. However, the base learners mentioned above are all nonlinear models. They can be combined naturally by gradient boosting. The base learner of our algorithm RegBoost is linear regression, which is a linear model. We achieve nonlinearity by dividing data. It is a new method of constructing nonlinearity.
Stepwise regression
In machine learning and statistics, feature selection techniques are often used to avoid the curse of dimensionality and enhanced generalization by reducing overfitting. Stepwise regression (Hocking, 1976 ) is a method of fitting regression models in which the selection of independent variables is executed automatically. In each step, a variable is added or removed from the set of predictive variables based on the predefined criterion. This usually takes the form of a sequence of F-tests or t-tests, but other techniques are possible. Stepwise regression has three main approaches as follows: forward selection, backward elimination and bidirectional elimination.
Forward selection: First, there is only one predictive variable in the model that explains most of the dependent variables. Then, choose the variable whose inclusion gives the most statistically significant improvement of the fit. Repeating the process until none can be added; Backward elimination: First, it starts with all independent variables. Delete the variable (if any) whose loss gives the most statistically insignificant deterioration of the model fit. Repeating the process until none can be deleted; and
Bidirectional elimination: If we adopt forward selection, each time a new predictive variable is added, the independent variable already existing in the model may be less explained to the dependent variable. When its contribution is not significant, we can remove it from the model. Bidirectional elimination does not always add the independent variable. It may delete variables too. In the end, we can get an optimal combination of variables.
3. Algorithm and methodology 3.1 Main idea Inspired by the idea of gradient boosted algorithms, we try to design a regression model with linear regression as a weak predictor. To achieve nonlinearity after combining all linear regression predictors, the training data is divided into two branches according to the prediction results using the current weak predictor. The linear regression modeling is recursively executed in two branches. In the test phase, test data is distributed to a specific branch to continue with the next weak predictor. The final result is the sum of all weak predictors across the entire path. First, we use all training data to obtain a basic linear regression predictor. For all training data, the predictor is used to obtain a predicted value. Then, we subtract the predicted value from the real value, classify all the training data with the result into two classes. If the residual is greater than or equal to 0 then we distribute it into "positive" class, otherwise, it is distributed to "negative" class. Then, we recursively executed the basic linear regression until the preset number of divisions is reached or the number of training instances is too small to continue the linear regression process.
In Figure 1 , the letters A, B, C, D, E and F represent weak predictors. Using all the training data, we get weak predictor A. Then, we use weak predictor A to predict training data. With the predicted result, we can easily calculate the residual of every training instance.
Training data are divided into "positive" class and "negative" class according to the residual value. Here we assume that B (left) is "positive" class and E (right) is "negative" class. Weak predictor B is constructed via the training data that were previously divided into "positive" class. Similarly, predictor E is constructed via the training data that were previously divided into "negative" class. After the construction of weak predictors B and E, we need to continue dividing training data, respectively. E has no left node because few training instances from weak predictor E are classified as "positive" class. In this process, the training data is divided layer by layer.
We should note that when using the least-squares as the loss function the Y value of the subsequent weak predictor is the residual of previous weak predictors. To scatter the impact of all weak predictors in this process, we introduce the concept of the learning rate. Here is an example. Assume that the true value is Y, the prediction result of the first weak predictor is Ya and the learning rate is lr, then the target Y' value of the second weak predictor should be Y À Ya Â lr. In GBDT, it is a natural process for test data to directly use the next decision tree as there is only one choice. However, in RegBoost the subsequent weak predictor is not unique. We need to choose, which branch to go according to the characteristics of the test data.
In the test phase, we need first use weak predictor A to obtain the predicted value Ya. Then, we calculate the K points closest to the current test data in the entire training data set, and count how many of the K nearest points are in the "positive" class (B) and how many are in the "negative" class (E). If most of the K points are in the "positive" class (B), we will distribute current test data into the "positive" class, and vice versa. Assuming that the current test data enter A, B and D in sequence, and the prediction results of the three weak predictors are Ya, Yb and Yd, the final prediction result of the test data is (Ya þ Yb) Â lr þ Yd. Note that the results obtained by the last weak predictor D should not be multiplied by the learning rate.
The core idea of RegBoost is described above. To avoid the curse of dimensionality and enhanced generalization by reducing overfitting, we also use stepwise regression to select the most important features first before constructing a weak predictor.
Formal description
We explained the main idea of RegBoost in the previous Section 3.1. Now, we present a formal pseudo code description of the training process and the testing process. Algorithm 1 is the training process in which Line 1 calls Algorithm 2. "max_layer" means maximal data division times, which can lead to early stopping. Algorithm 2 implements the construction of the entire model by recursively calling itself. Algorithm 3 is the test process that predicts unknown data based on the model obtained during the training process. In Algorithm 2, Line 3 uses a stepwise regression method to select most important feature sets. Line 4 performs a linear regression on the training data based on the selected features. Line 5 uses the linear regression model just created to predict the training data. Line 6 divides the data into two parts based on the predicted value and the true value. Line 7 modifies the Y value because the target value of the next predictor should be different from the target value of the current predictor. Lines 8 and 9 call get_predictor recursively to build a complete model. Algorithm 3 shows the complete test phase. We predict the unknown data based on the trained model. In Line 7, the "select_next" function counts how many of the K nearest points are in the "positive" class and how many are in the "negative" class. If more points are in the "positive" class, then "model_next" is equal to "model_p," otherwise it is equal to "model_n."
The final prediction result of the model "adds" all selected predictors. Line 9 tells us how the returned result is calculated. Note that the last item of "preds" is not multiplied by the learning rate. 
Hyperparameter tuning
Now, we have a clear understanding of RegBoost. It is time to discuss some of the important hyperparameters in RegBoost and how to tune these hyperparameters to get the desired results. First, the two most important hyperparameters are the learning rate and the maximal number of layers (times of data division). When "max_layer" is small, we should set the learning rate to be larger, so that all weak predictors have a similar influence on the final result. We also need to pay attention to the fact that, as we have other termination conditions, that is, when the amount of data on a branch is less than a certain number, the division process is terminated in advance, the actual times of division may not equal "max_layer." In addition, the number of selected features is also an important hyperparameter, which requires fine-tuning.
Experiments 4.1 Public data sets and selection of two comparative algorithms
We select three UCI machine learning data sets, which are CASP (archive.ics, 2019a), CCPP (archive.ics, 2019b) and SuperConduct (archive.ics, 2019c). These three data sets come from different fields and can be used for the regression algorithm. None of the three data sets have missing values:
(1) CASP: this data set contains a total of 45,739 data instances, each with 9 features. The learning goal of this data set is to predict the RMSD value of the threedimensional structure of the protein by using the total surface area of the protein, the exposed area of the non-polar residue, the spatial distribution constraints, etc.
(2) CCPP: this data set contains 9,568 data points collected over 6 years from a combined cycle power plant, each containing 4 features. The learning goal of this data set is to predict the net energy output per hour based on ambient characteristics such as ambient temperature, pressure and relative humidity (Tüfekci, 2014) . Applied REPTree to this data set and achieved good results. In Kaya et al. (2012) , the relationship between the four features and the target value of the data set is discussed in detail, and the experimental results of various machine learning algorithms and their combinations are compared and analyzed. (3) SuperConduct: this data set extracts 81 features from 21,263 superconductors and is designed to use these features to predict the critical temperature of a superconductor.
To verify the effectiveness of RegBoost, we choose two regression algorithms to do comparative experiments. Multiple linear regression is used as a benchmark because it is the base learner of our algorithm RegBoost. If the performance of RegBoost is better than multiple linear regression, we may believe gradient boosting really helps. The other comparison algorithm is GBDT, as it is the most popular and widely used gradient boosted algorithm. Besides, in regression problems, both RegBoost and GBDT uses least-squares as loss criteria and learn subsequent base predictor via residuals. LightGBM (Ke et al., 2017) is an efficient implementation of GBDT. So we choose it to do experiments.
Evaluation
Root mean square error (RMSE) (Pontius et al., 2008; Willmott and Matsuura, 2006) , also well-known as the standard error, is the square root of the average of squared errors. RMSE is frequently used to measure the deviation between the predicted value and the true value. The calculation formula is shown in equation (4).
Mean absolute error (MAE) (Willmott and Matsuura, 2005) is the average of the absolute error. MAE has a clear interpretation as the average absolute difference between two continuous variables. Its formula is shown in equation (5). Both RMSE and MAE are widely used in the performance evaluation of regression algorithms.
Results
As mentioned above, we choose multiple linear regression, LightGBM to do comparative experiments. Below are the RMSE (Table I) and MAE (Table II) results of the three UCI data sets using multiple linear regression, LightGBM and RegBoost. Figure 2 shows the RMSE values of the three algorithms on different data sets. From the histograms, we can see clearly that RegBoost performs best in the CASP data set. In the CCPP and SuperConduct data sets, although LightGBM is better than RegBoost, the difference is slight. Figure 3 shows the MAE values of the three algorithms on different data sets. It can be seen that in the CASP data set, RegBoost performs much better than LightGBM. In the CCPP and SuperConduct To better compare the actual performance of the three algorithms, we take the CASP data set as an example and randomly select 739 data instances as test data. We use three models to predict the test data, and then calculate the residuals based on the actual values and predicted values. Figure 4 The number of weak predictors in RegBoost has a crucial impact on performance. Taking CASP as an example, we record the RMSE and MAE values of RegBoost under a different number of weak predictors, and we obtain Figures 8 and 9 .
It can be clearly seen from Figure 8 that as the number of weak predictors increases, the RMSE continues to decrease. When the number of weak predictors is less than 6, the RMSE value decreases sharply with the increasement of "max_layer." Similarly, Figure 9 shows that the MAE value also decreases as the number of weak predictors continues to increase. 
Multivariate regression algorithm
The training data is continuously divided so that the training data available to the subsequent predictors decrease exponentially. The number of weak predictors can never be set to a very large value due to limited training data.
Conclusion and future explorations
Inspired by the idea of gradient boosting, this paper attempts to design a novel regression algorithm RegBoost with reference to GBDT. To the best of our knowledge, for the first time, RegBoost uses linear regression as a weak predictor, and combine with gradient boosting to build an ensemble algorithm. Through comparison experiments, it is found that our algorithm RegBoost can achieve similar performance to GBDT. However, RegBoost divides the training data recursively during the sequential construction of the weak predictors, resulting in an exponential decrease in the training data of the subsequent weak predictors. Therefore, RegBoost is currently not suitable for applications with too few data. If we can find other ways to make the number of weak predictors unrestricted to training data in the future, we may get better algorithms. Gradient boosting is a great way to build ensemble model. It deserves further study. In general, our algorithm is very effective compared to linear regression.
